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The objective is to develop a guidance law for the lift force during a planar aeroassisted maneuver such that
the vehicle is guided from initial entry conditions to specified terminal conditions while minimizing the velocity
loss. An approximate solution is proposed to this two-point boundary-value problem, based on the assumption
that along the atmospheric portion of typical aeroassisted maneuvers the aerodynamic forces are dominant. The
suboptimal control law is thus derived for an approximate model of the vehicle’s dynamics and is expressed as a
series expansion with respect to a small parameter that reflects the ratio between the gravity and the aerodynamic
forces. Zero- and first-order terms of the series are developed for two types of planar maneuvers. The control law
is formulated in a feedback form that includes analytic functions and quadrature integrals and thus is suitable for
onboard implementation. Numerical examples compare the performance of the exact, zero-order, and first-order
solutions. It is shown that the approximate solutions are quite close to the exact one. The first-order control law
improves slightly the velocity loss, but generally the zero-order controller is adequate.

Introduction

EROASSISTED maneuvers have been recognized as a poten-

tial fuel-saving technique to obtain certain orbital changes.!
To take full advantage of this potential, an optimal guidance law is
required. Such a guidance law has to minimize the fuel consump-
tion by minimizing the magnitude of the velocity impulses that are
part of the aeroassisted maneuver. Derivation of the guidance law
requires a solution of an optimal control problem, which often re-
quires a numerical solutionof a nonlineartwo-pointboundary-value
problem. For an on-line application,one requires a simple guidance
law that does not require complex iterations and is expressed in a
feedback form.

Much past research was devoted to the derivation of approximate
analytic solutionsto this optimal control problem. The basic approx-
imation is performed by treating only the aerodynamic forces and
neglecting completely the inertial and gravitational forces? This
basic approximation is termed the zero-order solution. It is logi-
cal and reasonable because by definition an effective aeroassisted
maneuver should take place at an altitude range where the aerody-
namic forces are dominant. However, to increase the altitude range
for which the solution is valid, it is necessary to introduce a higher-
order solution that takes into account the inertial and gravitational
terms. In Ref. 3, the difference between the gravitational and iner-
tial forces in the vertical direction (also known as Loh’s term) was
assumed to be constant along the trajectory, thus enabling the inte-
gration of the equations of motion, together with the costate equa-
tions.

Another method to approximate the inertial and gravity terms,
while considering their changing nature, is based on regular
perturbations* This method employs a series expansion of the con-
trol variable (namely, the lift coefficient) with respect to a small
quantity &, which is essentially the ratio between the atmospheric
scale height and the radius of the Earth. This approximation was
implemented in Refs. 5 and 6 for an orbital plane change maneuver.
This method requires an analytic solution to the zero-orderproblem.
The zero-order problem is obtained by neglecting the gravity and
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inertial forcesin the equationsof motion. For many practicalmaneu-
vers, an analytic optimal solution can be derived for this zero-order
problem. The zero-order solution is then used to obtain the higher-
orderterms in the controlexpansion.In Refs. 5 and 6, zero- and first-
order terms were developed for the optimal plane change maneuver.

An additional family of approximate solutions is based on
matched asymptotic expansion (MAE). In this method, an inner
approximate solution is derived for the low-altitude portion, where
the aerodynamic forces dominate, and an outer solution is derived
for the high-altitude portion, where gravity and inertia dominate.
By matching these asymptotic solutions, a composite solution is
achieved, which is uniformly valid throughout the altitude range.
Reference 7 derives a zero-order MAE solution of a planar ma-
neuver. The solution is expressed in terms of elliptic integrals and
requires several iterations to obtain the control law. References 8
and 9 apply the MAE method to the three-dimensional maneuver.
The zero-order solution that is derived in Ref. 8 requires the solu-
tion of a large number of implicit algebraic equations (20 equations
in Ref. 8, later reduced to 6 in Ref. 9) that must be solved at each
time step. Reference 8 also recommends that a first-order solution
be solved to improve the guidance law. In Ref. 10, a procedure for
the first-order solution to the plane change maneuver is formulated
but not completely solved.

Comparing the MAE method to the regular expansion method, it
seems that although the MAE method provides a uniformly valid
solution, the regular perturbation method requires less computa-
tional efforts for the zero-order solution, which is essential for the
developmentof the higher-ordersolutions. Because the aeroassisted
maneuver is most effective in the inner portion of the trajectory, it
is reasonable to derive a guidance law that is valid for this region
up to first order. The advantage is that an approximate first-order
feedback guidance with reasonable computational requirements is
obtained.

This paper develops approximate optimal guidance laws for a
family of aeroassisted planar maneuvers. The approximate solution
is based on the regular perturbation method that was discussed in
Ref. 4 and later developed in Ref. 5 for an orbital plane change
maneuver. Here, the zero- and first-order solutions for an optimal
controller of several planar maneuvers are developed. The control
law is expressedin a feedback form. The zero-ordercontrollerterms
are almost analytical and require the solution of only one algebraic
equation (polynomial) for one unknown. The first-order terms are
obtained by numerical integration of functions of the state variables
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along the already found zero-order solution. The resulting guidance
law does not require iterations and thus is suitable for onboard ap-
plications. This method is used to compute the control law for two
planar maneuvers: a pull-up maneuver and guidance to an optimal
cruise altitude.

In the next section, the aeroassisted planar maneuvers that are the
subject of this paper are described. Next, the optimization problem
is formulated, and zero- and first-order suboptimal control laws
are derived. Numerical examples demonstrate the performance of
each control law and compare it with the numerical solution of the
exact two-point boundary-value problem. Then the advantages of
the proposed solutions are summarized. The Appendix discusses
several numerical aspects of the solution.

Aeroassisted Maneuver

A typical aeroassisted maneuver consists of a propulsive deorbit
impulse that lowers the perigee of the space vehicle into the atmo-
sphere, an aerodynamic maneuver during the atmospheric passage,
and one or more propulsive impulses that bring the vehicle to its
final trajectory. In the present work, we are interested in a planar
aeroassisted maneuver, in which the initial and the final orbits are
coplanar and have the same semimajor axes and same eccentricities
but differentlines of apsides. The rotation of the line of apsides may
be desired, for example, when a local change of the orbital altitude
isrequired, without changing the orbital period. To perform a planar
rotation of the line of apsides, a lift force should be applied in the
vicinity of the perigee, which is set to be inside the upper layer of
the atmosphere. The objective is to develop an onboard guidance
law for the lift force that minimizes the velocity loss during the
atmospheric passage.

Although a complete optimal guidance law should include the
deorbitand reorbitimpulses, we deal here only with the atmospheric
portion of the maneuver. The vehicle is assumed to be in an initial
entry condition set by the deorbit impulse. Typical initial altitude
is between 70 and 100 km. At this altitude range, the density is
sufficiently large to allow an aerodynamic maneuver. The typical
initial velocity range at this altitude for an elliptic orbit is 8-10
km/s (those velocities are greater than the circular velocity). The
flight-path angle is of a few degrees (pointing down). The goal is to
minimize the velocity loss during the atmospheric passage.

Two types of maneuvers are analyzed in this paper (Fig. 1): 1) a
pull-up maneuver, where the final altitude is specified (in this ma-
neuver, the rotation direction of the line of apsidesis opposite to the
orbital motion of the vehicle), and 2) guidance to an optimal cruise
altitude, where the final conditions are set to be the starting condi-
tions of a cruise trajectory at a constant altitude, with the maximum
possible lift-to-drag ratio L/ D. The requirement for a maximum
L/ D at a constantaltitude cruise determines a relationship between
the final altitude and the final velocity, i.e., a terminal constraint.
In this maneuver, the rotation direction of the line of apsides is the
same as the orbital motion of the vehicle.
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Fig.1 Planar aeroassisted maneuvers.

Equations of Motion
It is assumed here that a space vehicle initiates the aeroassisted
maneuver at a given altitude 4;, velocity V;, and flight-path angle
;. For a planar maneuver about a nonrotating planet, the equations
of motion of the maneuver are

de
E:VCOS% £0)=0
av 1 c,
— = ——pV25—2 _ gsiny, V(0) =V,
” 5P -~ gsiny (0)
(1)
dy 1 C, Vo g
—=—pVsLt4(=—-2= , 0) =y,
dt 2p m +<r V)cosy 70 =7
dh—V' h(0) =h
sy, (0) = h;

The state variables are € (arclength), V (velocity), y (flight-path
angle), and £ (altitude); m is the mass of the space vehicle, S is
the reference area, p is the atmospheric density, r is the distance
from the center of the planet, and C; and C), are the lift and drag
coefficients, respectively. The vehicle aerodynamicsare modeled as

Cp=Cp, + Kcis [CLl < Cppax

The atmospheric density is assumed to follow the exponential

differential relationship

dp = —ppdh

where 1/ 8 is the atmospheric scale height, assumed to be constant
over the relevant altitude range. In addition, we assume that the
flight-path angle is small, hence siny = y andcosy = 1.

Next, the following nondimensional variables are introduced: 1)
nondimensional arclength £ = &/ R,, where R, is the radius of the
planet; 2) nondimensional velocity u = a[V//(u/ R,)], where u
is the gravitation constant of the planet; 3) nondimensionaldensity
8 = plps = e P, which replaces the altitude /; 4) nondimen-
sional control variable n = C;/ C}, where C} is the lift coefficient
for which the lift-to-drag ratio of the vehicle is maximum [for the
parabolic aerodynamic model, C; = /(Cp,/ K)]; and 5) nondi-
mensional independent variable dz = —dd/ y, z(0) = 0. Substitut-
ing 5= p/ ps = e~ P we get

dz=—ddy = —(1/ y)d(e ) = (Bl y)e P dh

=(Bd y)dh = BoV(siny/y)dt

Because foV > 0, then for —n < y < 7 we have sign(dz) =
sign(dz). For small flight-path angles, siny/y ~ 1. Then dz =
B8V dr and is proportionalto dz. Therefore z is monotonousin time
and can replace the time as the independent variable.

The equations of motion are then expressed in terms of the non-
dimensional variables as

@& ¢ .
==z 0)=0 2
=5 £0) (2a)
d —2u
Z oA+ ey —, w0 =u;  (2b)
dz 5
dy 1—g 2
oa —_ 0) =7 2
& 2t e 3 7(0) =7, (2¢)
as
— =7, 8(0) = 6 2d)
dz

The terms A; and A, are constants defined by

pA\'CDQS

1= 2

2mp -’

_ pCyS
T 2mp

¢ is the ratio between the atmospheric scale height 1/, and the
radius of the planet R, and its value for the Earth is about 0.001.
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Because the equations of motion (2) and the optimality objective
do not depend explicitly on the arclength variable £, it will not be
considered in the optimization process, and thus Eq. (2a) will not
be treated in the sequel.

Equations (2) can be written in the matrix form as

dx
— =f(x,n) + &g(x) 3)
dz
where x” = (u, y, d) is the state vectorand f(x, 1) and g(x) are the
vector functions that construct the right-hand sides of Eqgs. (2).

Optimization Problem

The optimization problem is formulated as follows. For given
initial conditions and for specified final conditions, find the control
law n(u, y, 6) thatmaximizesthe exit (nondimensional) velocityu r,
subject to the system dynamics [Egs. (2)]. Thus, the cost function
of the problem is

J=—u,

The Hamiltonian of this optimization problem is
e—Zu 1— e—Zu
H=21]-401 +n2)—57/7 +A, Azn+gT — A5y

The vector (2,, A,, As)” contains the Lagrange multipliers and
satisfies the Euler-Lagrange equations:

da, o0H e~ e
o = Ay — —2A,e—
dz ou ) )
dA,  oH o2
e W =Sy 4
4z oy  vFTg T @
dAs 0H a e ) 1 —e
b Y ¢
dz a8 e 4 &

Because both the Hamiltonian and the equations of motion do
not depend explicitly on the independentvariable z and because the
final value of z is unspecified, we have

H = const =0 (5)

The optimal control law n(u, y, 6) satisfies the optimality condi-
tion

Hy=0= 1"(u,y,0) = (A 24))(Ay/ 1) ©6)

The boundary conditions of the Euler-Lagrange equations (4)
depend on the terminal constraints of each maneuver. Two basic
planar maneuvers are considered here.

1) Pull-up maneuver: In this maneuver, the vehicle exits the atmo-
sphere at a specified altitude 6, and at an unspecified time, velocity,
and flight-path angle. The boundary conditions are then

oJ oJ
lu(Zf)Zﬁ:—l, ly(Zf)Za—ZO
f

" (70

2) Guidance toward an optimal cruise altitude: The vehicle is
guided to reach a starting point of a cruise trajectory inside the
atmosphere. The terminal constraints for the cruise condition are

8zp) = &,

dy

=0 b
i), (7b)

f

y(zp) =0,

In addition, it is required that the final altitude and velocity are such
that the cruise trajectory starts at the maximum lift-to-drag ratio.
Because the vehicle is arriving from an elliptical orbit, the velocity
of the vehicleis largerthan the circular velocity at the cruise altitude.
Hence a negative (pointing down) liftis required. The additional ter-
minal constraintis then 7(z ;) = —1. The combined terminal condi-
tions ensure that the vehicleis guided to a cruisealtitude at which the
lift-to-dragratio is maximum. The terminal altitude &; is not spec-
ified but rather is determined from the other terminal conditions.
To express the optimization problem in the standard Mayer form,
the terminal conditions (dy/dz)|; = 0 and 1, = —1 are used

to obtain a terminal constraint on the states. Using Eq. (2¢) with
(dy/dz)|; = 0and n; = —1, we obtain

1 —e 2
—Ay+e——— =0 (7¢)
S

The second maneuver thus has two terminal constraints: Eq. (7¢)
and y(z,) = 0.

The complete equation system for the optimization problem in-
cludes the equationsof motion (2), the constantHamiltonian (5), the
optimality condition (6), and the Euler-Lagrange equations (4) with
the appropriate boundary conditions (7a) or (7¢). This forms a two-
point boundary-value problem. Exact solution is tedious, requires
numerical integrationand iterations, and is difficult for onboard im-
plementation. In the sequel, approximate solutions are derived.

Approximate Solutions

It has been observed that along a significant portion of an aero-
assisted maneuver, the aerodynamic force is much larger than the
gravity and inertial forces. Regarding the nondimensional equa-
tions (2), we see that the gravity terms are multiplied by a small
factor €. The control law is approximated then as a series expansion
of &

nu, 7,8 = 2 nu, 7, 5" @®)

k=0

Based on the method explained in Refs. 3 and 4, the terms in the
series expansion are solved successively. The first term 1y(u, y, O)
is the zero-ordersolutionand is determinedby solving the optimiza-
tion problem with & = 0 in the equations of motion (2). To use this
method, an analytic solution of the zero-order problem is required.
In the following subsections, the zero-order and the first-order so-
lutions are derived. These solutions lead to a feedback control law,
i.e., the controlleris expressed as a function of the state variables.

Zero-Order Solution

The first term in the series expansion (8), ny(u, v, 8), is the zero-
order solution and is determined by solving the optimization prob-
lem with € = 0 in Egs. (2).

The zero-order equations of motion are

du dy do
—=—A(+17), —=A4An —=- 9
az 1 ( ) az 27 az 14 ©
The initial conditions at z = 0 are u(0) = u;, y(0) = ¥, and
80) = 6.
The zero-order Hamiltonian is
H =20, A (14 18) + Ao, Ay — Aoy7 (10)

where 2, A, , and Ay, are the zero-order Lagrange multipliers.
From the optimality condition [Eq. (6)], the optimal controller is

= ZAAZI—?;“ (11)
The Euler-Lagrange equations are
%2“ = —% =0 (12a)
djzo’ - —% = Jo, (12b)
%ZO‘S = —% =0 (12¢)

Equations (9), (11), and (12), together with their appropriate
boundary conditions (7a) or (7¢), constitute a two-point boundary-
value problem. Solution of these equations provides the optimal
controller 1,"'(z) and the optimal trajectory u®(z), y®(z), and
89 (z) for the zero-order problem. In this case, an analytic solution
can be obtained. By integration of Egs. (12a) and (12¢), we get

Ao, = const, Ao; = const
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Combining Egs. (9), (11), and (12b), we get a reduced set of dif-
ferential equations:

du A%’l(zJ, dy A,
— = A1+ —=]), = 270
dz 4A222 Az~ 247,
(13)
do da
- =7 - = 1’05
dz dz

The solution is obtained by direct integration of the equations,
subject to the initial conditions u(0) = u;, y(0) = y;, and §0) =
[

A2 (A3 22 Ay, C c?
u(o)(z)=—A1|:Z+—2<&—+&—Z2+_Z +u,

4A% /16“ 3 Ao, Ao, /16“

(14a)

A2 (2.2 C

0) _ 2 05

=2 (Zs = Yy, 14b
=0 (zou 2 Z) 7 (140)

A2 (A, 72 C 22
V)= ——2 22 4~ 2 )y 4§ 14
@O=-a\n et tn ) 7F (14e)
29, (2) = Aoz + C (14d)

The optimal controller of Eq. (11) is expressed as a function of
the independent variable z by using Eq. (14d):

(@) = (Al 240 [ (R0, /20, )z + (C/2,)] (19

The constants A,/ A, , C/ Ao, , and z s are determined by applying
the terminal conditions for each of the two maneuvers.

Pull-Up Maneuver

For the pull-up maneuver, the boundary conditions are the initial
conditions u;, 7;, and § and the terminal conditions (7a).

The constant C/ 4, is obtained from the boundary condition
Ay, (z7) = 0. Substituting into Eq. (14d), we get

C [0, = —(h0s/ %0.)2s (16a)

Using this result and substituting 8(z7) = &, in Eq. (14¢), we
obtain the constant Ag;/ A, :

Aoy _ 0AI (6 8+ vy (16b)
2,0“ A% Z:}

By substituting Egs. (16a) and (16b) into the optimal controller
(15), we obtain the open-loop optimal control law 7™ (z):

3 (2—z20)( — & +7izy)

3
Ay z}

() = (172)

Because Eq. (17a) is an approximate control law, and because
the basic dynamics (1) have modeling errors and do not account
for disturbances, we should expect a buildup of deviations from
the exact (yet unknown) optimal trajectory. Therefore we desire a
closed-loop control law that takes into account the actual states. To
get this feedback control law, the current states are treated as new
initial states and the controller is recomputed for these new initial
conditions and initial independent variables. Therefore the optimal
zero-order controllerin a feedback form is obtained from Eq. (17a)
by droppingthe index i fromthe initial states and substitutingz = 0:

36y =6+ 7vzys)

(17b)
AzZ?

'y, 8 = —

The control law is a function of a single unknown parameter
Zy, which is a function of the current state. To find z,, we use
the condition H = 0. By substituting Eq. (17b) into Eq. (10), us-
ing Egs. (16b) and (14b), and setting H = 0, we get an equation

for the unknown z ;. This equation is expressed as a fourth-order
polynomial:

7= B3/ M) [z + 4 — 9yz, +3(8, — 9’ =0 (18)

Here too the index i of the state variables was dropped, and for
each point u, y, 8 on the trajectory, Eq. (18) is resolved for z;.
According to Descartes’ rule of signs, there is at least one positive
real root to this equation (see further discussion in the Appendix).
By substituting the resulting z, into the controller Eq. (17b), we
obtain the optimal feedback control law as a function of the current
states y, 8. Because z is changing slowly, Eq. (18) is solved for
z; only once, at the beginning of the trajectory, and the successive
calculations that are performed at each time step are approximated
by a single Newton-Raphson iteration:

F(z)
F'(zy,)

where F(zy,) is the left-hand side of Eq. (18) and F'(z,) is its
derivative:

F'(zy,) =423, — (3/43)[27%2s, + 45 — 9)7]

The mathematical and numerical aspects of this method are dis-
cussed in the Appendix.

As the trajectory approaches the terminal point, z; (which is pro-
portional to the time-to-go) approaches zero. The control law as
formulated by Eq. (17b) may have numerical singularity. To avoid
that, the control law for z; — 0 is formulated differently. Substi-
tuting Eq. (16) into Eq. (14b), we obtain the final flight-path angle
as a function of the current state:

3(6 —5+7/Z
(0) i S
= L")+ 19
yf 2( Zf ) r ( )

Lfppr = Zpu —

Because lim;, _. y}o) = y, the term in the brackets in Eq. (19)
approacheszero as z; — 0 and thus can be expanded aboutz, = 0
by using a power series with respect to z . Thus

8 — 8+ yz =
(—f : f) =X b (20)
Zf n=1

By solving for §; — 8, substitutinginto the z; polynomial(18), and
equating terms of equal powers of z;, we obtain the coefficients D,,:

D, =0, D, = —A%/6y, D, = (3/2y)D?_,

Finally, keeping only the first term of the series (20) and substi-
tuting into Eq. (17b), we get an approximation to the control law
that is valid for z; — 0 and is free of singularities:

1im0 Py, 8) = Az, 2y (21)
f—>

Thus the zero-order control law contains a small discontinuity
when switching from Eq. (17b) to Eq. (21). However, as will be
shown in the numerical example, this small discontinuity has a neg-
ligible effect on the response of the system.

Guidance to an Optimal Cruise Altitude
The boundary conditions for this maneuver are the initial condi-
tions u;, ¥;, & and the terminal constraints

)/f =0 (223)
1 _ e—Zu/
—Ay+e—— =0 (22b)
S

Note that the full-order equation of motion (not the zero-order
approximation) is used to satisfy the second terminal constraint
because a realistic representation of the cruise condition requires
the presence of the gravity term in the equation.
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For the present application, we assume that the velocity is close
to the circular orbital velocity, i.e., the value of u is small. Equa-
tion (22b) is then approximated by

Ay5p —2euy =0 (23)

Following the methodology of Ref. 11, we use the terminal con-
straints (22a) and (23) to form an augmented cost function

J = —uy+ vi(Ay8; —2euy) + voyy 24)

where v; and v, are constants. The boundary conditions of the La-
grange multipliers are determined by differentiating Eq. (24) with
respect to the terminal states:
/10“/ =—1-2¢v, /10” =, /105, =vA, (25)
From the Euler-Lagrange equations (12), we get Ao, = v; A, and
Ay, = —1 —2¢&v;.
Equations (13) are now integrated to yield the optimal zero-order
trajectory

A2 VA2
T (LR N

4A112“
+@ =z =2 vivna, + vgz} +u; (26a)
A? VA
O(z) = —2—| =272 — A , (26b
7y (2) A, |: 2 T+t w—v ZZf)Zi| +y; (26b)
A2 v A z2
Oy =2 MAr s T s
(2) | 6 7+ v—w 2Zf)2 viz+ 6
(26¢)
Ao, =viAx(z—zp) + W (26d)

The three unknowns v;, v,, and z; are obtained by using the two
terminal constraints(22a) and (23), together with the condition H =
0. Substituting z = z; in Eq. (26) and then substituting the terminal
states in the constraints Y and H; = 0, we get two linear equations
for the constants v; and v,, which are readily solved to yield

4A,[zy — (7il Ar)]
Aﬁzzf —8Aelzy — (ril Ayl

v, =
27
2A1A2z2f
A3 —8A elzy — (7i/ Ay))

V, =

Equations (26) and (27) form the open-loop optimal trajectory,
i.e., a trajectory that is expressed as a function of the independent
variable z and the initial states. As in the preceding case, we desired
a closed-loop formulation of the control law. The optimal feedback
control law 7" (u, y, 8) can now be obtained from Eq. (12) by
substituting the expressions for A, (z) from Eq. (26d) and A, from
Eq. (25). To get a feedback guidancelaw as a function of the current
states, we substitute z = 0 and omit the index i:

o (u, 7, 8) =1 —2(y/ Axzy) (28)

The term z is a function of the current states and is found from
the remainder terminal condition (23) by using Egs. (26a), (26¢),
and (27). The resultis a third-order polynomial for z :

2y 16A,¢
2+ Gzl + Cizp + Co =0, CZZA_Z_ Azl
2
66 12e[u+2A,y/(3A
c =% [ 217 (34,)] (29)
Al A2
16A,ey?

0= T
A2

The term z; is the solution of Eq. (29) and is a function of the
current state (u, y, 0); z5 is determined numerically by resolving
Eq. (29) for each point as we move along the trajectory, using the
same single-step Newton-Raphson iteration as in the preceding
case. Because the coefficient Cy is always negative, the existence
of at least one positive real root of Eq. (29) is assured (see further
discussionin the Appendix).

Asthetrajectoryapproachesthe terminalpoint, z  becomes small.
Investigation of the polynomial (29) for small z; shows that

£ (44, 4+ O
The terminal constraints of Eqs. (22a) and (23) approach the values
v = (4A1 Ay)e + O(%)

Ay 5y — 26Uy — —(8Af/A§)52 +0()

The terminal constraints and the terminal z, do not approach
exactly zero due to the fact that, in the zero-order approximation,
the equations of motion (9) do not contain gravity and inertial terms,
whereas the terminal constraint (23), by definition, contains these
terms. Because both 7 and y, approachasymptotic nonzero values
with the same order of magnitude (¢), thereis nonumericaldifficulty
in solving the controller formula (28) close to the terminal point.
Using the asymptotic values for z; and y; in Eq. (28), we obtain

(4A/ Ay)e+ O(&%)
Ay[(4A,/A2)e+ O(£))]

Thus the terminal control approachesthe desired value of —1 within
the accuracy of €.

(s, v, 85) —> 12 =—14+0(g)

First-Order Solution

From the series expansion (8), it follows that the states, as well
as the Lagrange multipliers 4,, A,, and A;, can be expressed as a
series expansionin . Substituting the zero- and first-order terms of
the series

n=2. né,

i=0

o0 o0
A= 22 Aé, Ay =20 Aye
i=0 i=0

into the Euler-Lagrange equations (4) and the optimality condition
(6), and equating coefficients of €, we get the first-order term of the

controller:
m = m[ (A, /20,) = (21, /20.)] (30)

The zero-order terms 19, 4¢,, and 4o, are determined by the al-
ready found zero-order solution and are functions of the state vari-
ables.

To derive equations for the higher-order terms, the optimiza-
tion problem is formulated using the Hamilton-Jacoby-Bellman
equation'!:

opP

0z
where P is the optimal return function, which is the cost function
as determined using the optimal controller. The partials of P with
respectto the states are the Lagrange multipliers 4,,, 4, , and 4.

The optimal return function P(u, y, 8, z) is also expressed as the
series expansion

= —H" 31

P(u,y,8,2) =2, P(u,y.82)&
i=0

Substituting into the Hamilton-Jacoby-Bellman equation (31),
and using the general matrix formulation (3) for the equations of
motion, we get

= oP; . oP
D =g = ——[fx, ™) + gx)e]
0z ox

i=0

= OP; . = _
= —(Z 6_3;51) |:f(x, > nfp[s’) +g(x)s:| (32)
i=0 i=0
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The vector function
o0
3 i)
i=0

which is the right-hand side of the zero-order equations of mo-
tion (2), is expanded as a power series of &:

o0 %) 6,‘ ) opt 00 '
f(x,z n‘_’mgi) =y %M(Z n;p[g,)

i=0 .

>

i=0 6Tr

i

j=1

fie
i=0
The first-order term of the series is then f; = [0f (x, )/ onln™.
By expandingEq. (32) and then equating coefficients of &, we obtain
a set of partial differential equations for the terms P; of the series
expansion of the optimal return function.
The first equation, which is obtained by equating coefficients of
g, is

OPy

opP,  oP
Y lfgm[xw)’ ] =- .

OP,
O 0
—_— x| = = 33
0z ox g[ ] ox fi (33)
Substituting f; = [0f (x, 1;"")/ @n]1,"" and rememberingthat from
the optimality condition of the zero-order controller we have H,, =
(0 Py dx)[0f (x, ™)/ 6m] = 0, the second term in the right-hand
side of Eq. (33) vanishes. Then

6P1 6P1 opt[ . (0) . opt
o Pl B =

P o
el (34)
The term x(? is the state vector [u@, y @, §917, and the vector
oM@, ™ is the right-hand side of the zero-order equations of
motion [Eq. (2) with € = 0], with the zero-order optimal controller.
The term g[x(”] is the vector that multiplies ¢ in the equations
of motion (2), evaluated for the zero-order solution. The partials
0Pyl 0x = (Ao, , A0, » Ao;) are also obtained from the zero-order so-
lution, as derived in the preceding section.

Equation (34) is a linear partial differential equation for the func-
tion P;. The coefficients of this equation, as well as the right-hand
side, are functions of the already found zero-order solution. Equa-
tions of this type can be solved by the characteristics method.'

Because dx©/ dz = f[x©, n™"], the left-hand side of Eq. (34) is
a total differential. Thus the solution is determined by integrating
the right-hand side along the zero-order solution, which is defined
in Egs. (14) and (17b) or Egs. (26) and (29), depending on the
maneuver type. Performing the integration and remembering that
the boundary condition of Eq. (31) is P, [x(fo), z;] = 0, we obtain

Pi(u, y,8) = / Py, g[x"]dz
z=0

of 0) —2u(z)
7V (2)e
= / [—/lol,(Z)— + Ao, (2)

1= 2@ }
— |
0 9(z)

39(2)
(35)

Here Py, = 0Py/ 0x; Ay, and A, (z) are obtained from the zero-order
solution for each maneuver type.

To get the first-order control function n(u, ¥, 8) [Eq. (25)], the
first-order terms of the Lagrange multipliers 4,, and 4,, are deter-
mined by partial differentiation of Eq. (35):

6P1 6Zf
A, (u, 7,0 = — = L,V 0,25)—
1, (u, 7,6 %7 ri(u,y,6,2y) oy

N /” ory(u, v, 8,z) i
0 ay

(36)
6P1 6Zf
A (u, 7,8 = i r(u, y, 5,Zf)a

“or(u,y, 8z
+/ 1(u, y )dZ

0 ou

where r|(u, y, 8, z) is the expression under the integral in Eq. (35).
This expression is a function of the integration variable z and the
current state (u, y, 8), which is kept constant along the integra-
tion. All of the partials are derived analytically, using Eqgs. (14),
(17b), and (18) or Egs. (26), (28), and (29), depending on the
maneuver type. The integrals (36) are then solved numerically.
The integration of the equations is performed at each time step,
with the current state variables as the initial conditions of the inte-
grals. The complete solution of the closed-loopcontrol law involves
the combined solution of the zero-ordercontroller [Egs. (14), (17b),
and (18) or Egs. (26), (28), and (29)] and the first-order controller
[Egs. (30-36)] at each time step.

Exact Solution

To evaluate the quality of the approximatesolutions,the complete
two-point boundary-value problem was solved numerically for a
few examples. The solution was obtained by the shooting method
discussedinRef. 11, using the zero-ordersolutionas an initial guess.
The results are discussed in the next section.

Numerical Simulation Results

Numerical simulations are presented for a space vehicle with
m/ § =300kg/m?, Cp, =0.1, and (Cr/ Cp)max = 1.67. The simu-
lations were performed by integrating the full equations of mo-
tion (1) with the feedback control laws for the zero- and first-order
solutions. In addition, a numerical solution of the full two-point
boundary-value problem was obtained for one example for each
maneuver type. Discussion of the main results is presented in this
section.

Pull-Up Maneuver

The simulations were performed for the following conditions:
initial velocity of 8200 m/s, initial flight-path angle of -0.02 rad,
and initialaltitude varyingin the range 70-100 km. The final altitude
was set to be equal to the initial altitude.

Time histories of the altitude and velocity that were simulated
with the exact and zero- and first-order control laws for the 90-km
case are shown in Figs. 2 and 3, respectively. The normalized lift
coefficient time histories for each control law are plotted in Fig. 4.
Table 1 summarizes the velocity loss for several trajectories with
different initial altitudes for the zero- and first-order control laws.

Comparing the performance for the different control laws, we
make the following observations.

1) Comparing the altitude and velocity of the approximate con-
trollers with that of the exact optimal one, it is observed that, for the
example that is discussed here, the approximate solutions are very
close to the exact one. The velocity loss with the exact controller is
48 m/s, whereas the velocity losses with the approximate controllers
are 49 m/s for the first-order and 51 m/s for the zero-orderlaws. The
proximity of the altitude and velocity time histories for the various
controllers, as presented in Figs. 2 and 3, demonstrates the validity
of the assumptions and shows that the exact numerical solution can
be avoided in favor of an approximate solution that requires much
less computational effort.

2) For the final portion of the maneuver, which is performed at
high altitude, the first-order control law (Fig. 4) is considerably
different from both the zero-order and the exact control laws. How-
ever, this has only a minor effect on the trajectory. Evidently, at
high altitude, i.e., low density, the trajectory is not too sensitive to
lift variations.

3) Comparing the performance of the zero-order controller to
that of the first-order controller (Table 1), it can be seen that the

Table1 Pull-up maneuver

Entry Total maneuver time, s Velocity loss, m/s
altitude, km  Zero order First order Zero order  First order
100 323 337 20 19
90 275 290 51 49
80 193 213 100 91
70 100 118 146 135
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Fig.4 Pull-up maneuver: control law vs time; initial altitude, 90 km.
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improvement, i.e., reduction of the velocity loss, is about 5-9%. Table2 Guidance to an optimal cruise altitude;
The lower the altitude, the higher the improvement. entry velocity, 9000 m/s
Velocity loss, m/s
Guidance to an Optimal Cruise Altitude Elrtl'ttry de.k Entry anle’ Z < dOCl Y oq;.mts a
The simulations were performed for the followingconditions:ini- afuce, 1 ra cro oreer LIST orcer
tial velocity of 9000 m/s, initial flight-path angle range from -0.035 100 -0.065 253 244
to —0.065 rad, and initial altitude range of 70-100 km. gg :882‘5‘ 582 5‘9‘5
Plots of the altitude and velocity that were simulated with the ex- 70 0,035 264 %61

actand zero- and first-order control laws, for initial altitude of 70 km
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Fig.5 Guidance to an optimal cruise altitude: altitude vs time.
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Fig.7 Guidance to an optimal cruise altitude: control law vs time.
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and initial flight-pathangle of -0.035 rad, are shown in Figs. 5 and 6,
respectively. The normalized lift coefficient time histories for each
control law are plotted in Fig. 7. Table 2 summarizes the velocity
loss for several trajectories with different initial altitudes for the
zero- and first-order control laws.

Here we observe basically the same behavior as in the preceding
maneuver: the approximate solutions are close to the exact one.
There is a slight improvement with the first-order solution over
the zero-order solution. It can be seen (Table 2) that the relative
reduction in the velocity loss is greater for the high initial altitude
case (100 km) than for the low initial altitude case. It seems that for
this maneuver type, the high altitude case can be slightly improved
by including the first-order terms in the control law.

Conclusions

This paper presents the derivation of approximate optimal con-
trol laws for planar aeroassisted maneuvers that are based on the
assumption that the aerodynamic forces are dominant along the at-
mospheric passage. The approximate control law is expressed as a
series expansion with respect to a small parameter that reflects the
ratio between the forces. In this paper, zero- and first-order terms of
the series expansion are derived. The zero-order solution is formu-
latedin closed form. Based on the zero-ordersolution, the first-order
solution is derived. The resulting first-order solution requires only
quadrature integration without iterations. The control laws are ex-
pressed as feedback functions of the state variables.

This methodology is applied here for two types of planar ma-
neuvers. These maneuvers may be practical when a planar rotation
of the line of apsides of an elliptic orbit is desired. For these two
maneuvers, the zero-order solution can be obtained by an analytical
solution of the zero-order, two-point boundary-value problem, and
thus the first-order solution can be derived.

Numerical examples that simulated these maneuvers demon-
strated the following points.

1) Approximate control laws have very close performance to the
exact optimal solution, which was obtained by a numerical solution
of the two-point boundary-value problem.

2) In most cases, the zero-order solution is adequate. The first-
order solution can improve the performance by up to an additional
10% of the velocity loss.

3) The computational requirements of the approximate solution
are considerably lower than for the exact solution. The approxi-
mate solutions do not require iterations and can be implemented on
board.

Appendix: Mathematical and Numerical
Aspects of Calculating z,

To obtain z;, the polynomials (18) or (29) (depending on the
maneuver type) are solved at each time step. The following issues
are discussed: 1) existence of a real positive root, 2) treatment of
the case of multiple positive roots, and 3) use of the single step
Newton-Raphson iteration for the on-line computation.

The relevant root of the polynomial should be real and positive.
By applyingDescartes’ rule of signs to each polynomial, we observe
that the number of sign changes in the quartic (18) depends on the
signof (6; — 8)y. For (6; — 0)y > 0, there is one sign change, and
thereforethereis one real positiveroot. For (6; — 6)y < 0, there are
three sign changes, and therefore the polynomial may have either
one or three real positive roots.

We also observe that in the cubic (29), there is at least one sign
change because the coefficient Cy is always negative. Therefore
there is at least one positive real root.

In the case where more than one positive real root exists, the
costfunction J = —u  is computed for each root. The one root that
minimizes the cost functionis chosen. This calculationis performed
only once, at the beginning of the trajectory. The values of z, for
each time update along the trajectory are obtained by a single-step
Newton-Raphson iteration.

Let us represent the polynomials (18) and (29) by

F(x,z;) =0

where x is the current state vector (u, ¥, 8)7. Suppose that the root
of this function at time step n is known. Then

F(x,,, zf,,) =0
As we move to the next time step, we have, to first order,
OF (x,, 2, OF (x,, 24,
(erzn), _ OFlonzn) , o
ox ox

The updated root z 4, , should satisfy F(x,.;, z,,,) = 0. Expand-
ing to first order yields

n

Fxi1,25,) = F o 2,,) +

6F(x,,, zf”)

F(x,,+1,zf,,+,)=F(x,,,zf,,)+ o AXx

N 6F(x,,, Zf”)A
6Zf

Because F'(x,,z) = 0and F(x, 4, 25,) = [0F (x,, 2;,)/ 0x]A x,,,
we have

n

2, =0

_ F(xn+1,Zf,,)
OF (x,.25,) [ 0zs

hencezy,,, = z5, —[F(z4,)/ F'(z4,)], whichis essentiallya single-
step Newton-Raphson iteration.

By following this method, the value of z ; is tracked along the tra-
jectory. In case of multiple roots, care should be taken to avoid con-
verging to the other roots. This is done by monitoring the first and
second derivatives of F(x,, z,) withrespectto z ;. As long as those
derivativeshave the same sign as their original values, i.e., the slope
and the curvatureare the same, tracking of the correctrootis assured.

To summarize, the computation procedure of z is as follows.

1) Find all of the positivereal roots of the polynomial at the begin-
ning of the trajectory. This is an off-line operation that is done only
onceandis performedby usinga numericalmethod such as Newton-
Raphson. Existence of at least one positive real root is guaranteed.

2) If more than one positive real root exists, choose the one for
which the cost function at the beginning of the trajectory is mini-
mum.

3) Use the single-step Newton-Raphson iteration to update z s at
each new time step, while monitoring the first- and second-order
derivatives.

f =
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